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PREFACE

This Memorandum sunmarizes the result of a literature survey deal-

ing with the problem of orbital rendezvous, which was made as part of

Project RAND continuing studies of orbital and flight mechanics. Papers

which appeared in the open literature prior to mid-1962 were scanned.

Of these, a small but fairly representative fraction were singled out

for inclusion here. The material presented here in condensed form

should be of interest to Air Force personnel concerned with space mis-

sions involving orbital transfer and rendezvous.
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SUMMARY

This Memorandum summarizes some aspects of the problem of orbital

rendezvous that have emerged from a survey of the open literature. The

papers studied are discussed briefly, and some of the interesting re-

suits and data are compared.

Most of the papers can be grouped into either of two classes:

The first class tackles the problem from the point of view of impul-

sive Keplerian orbital transfers; the second class analyzes the termi-

nal portion of the rendezvous maneuver, or more specifically, the se-

lection of thrusting and guidance laws required to insure a soft con-

tact between the maneuverable interceptor and the target satellite.

The survey pointed out the need for a more general parametric

study of the terminal phase of orbital rendezvous; in particular, op-

timal guidance laws.
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1, INTRODUCTION

In the last few years a profusion of papers dealing with specific

aspects of the problem of satellite orbital rendezvous have appeared

in the literature. Most of the papers can be grouped quite generally

into two separate though overlapping classes, depending on the portion

of the intercept path with which the paper is primarily concerned.

One class of papers tackles the problem essentially from the point

of view of impulsive Keplerian orbital transfers; this class is con-

cerned with the influence of launch-point location, destination-orbit

geometry, satellite position in orbit, etc., on the impulsive-velocity

requirements of the ascent trajectory.

The papers in the second class are somewhat more analytical in

nature and are devoted to an analysis of the terminal portion of the

rendezvous maneuver, or more specifically, the selection of thrusting

and guidance laws required to insure a soft contact between the ma-

neuverable interceptor and the target satellite. Within each class of

papers a great number of different basic assumptions for the computation

of arbitrarily selected numerical cases have been made. A host of new

techniques have been generated, or modifications of a detailed nature

have been introduced into the existing methods of solution. As a re-

sult, it becomes extremely difficult to assess the relative merits of

the various approaches and to compare the data generated on a common

basis.

This study will attempt to indicate briefly some of the more im-

portant avenues of approach followed by previous investigators and to

present some of the results and conclusions which have emerged from a

survey of a fairly representative cross section of papers published

in the open literature. On the basis of the foregoing it should then

become possible to decide what, if any, additional iwork might be re-

quired in this area in order to round out the picture and increase our

understanding of the problem.

ri
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II. BREAKDOWN OF RENDEZVOUS PROBLEM

For convenience the rendezvous problem is usually broken down into

a number of separate but interrelated components which can be treated

either simultaneously or separately and pieced together at the end, de-

pending on the generality or accuracy of the results desired.

Starting out with the terminal conditions, we have a satellite

moving in an orbit of known geometry and orientation in space; the ac-

tual position of that satellite in its orbit is predictable at any in-

stant of time within some degree of accuracy. Soft contact with that

satellite of an interceptor launched from a predetermined site is de-

sired. This contact is possibly subject to some additional constraints,

such as time or place of rendezvous, or maximum thrust available, which

might have to be imposed.

The ascent trajectory of the interceptor is assumed to contain

some or all of the following components:

1. Impulsive launch into a ballistic intercept trajectory, or

programmed powered ascent through the atmosphere and beyond

to a properly selected thrust-cutoff point.

2. Coast up to an intermediate parking orbit and injection into

it, or direct ascent to some suitable point in the neighbor-

hood of the destination orbit.

3. Initiation of a radar search pattern leading to the acquisi-

tion of the target satellite, followed by a powered-flight

phase as commanded by the particular guidance law selected

to control the rendezvous mission.

The impulsive transfer presupposes perfect position-matching at

destination and an impulsive cancellation of the relative closing ve-

locity. The finite-magnitude thrust program can consist of either in-

termittent periods of thrust separated by intervals of coasting or

continuous thrusting of constant or variable magnitude and/or orienta-

tion.

Phases 1 and 2 are generally investigated in a geocentric coordi-

nate system, while Phase 3 is usually analyzed in a target-centered

coordinate system that can be either rotating or inertially stabilized.
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III. SATELLITE ORBITS

The target orbits employed most frequently in the analysis of

rendezvous maneuvers were circular orbits at an altitude of 300 mi.

Whenever elliptical orbits were treated, no uniformity in the choice

of orbital parameters prevailed, different numerical values being cho-

sen by the different investigators. Both coplanar and out-of-plane

intercepts have received wide attention.

One class of satellite orbits of particular interest (if rendez-

vous with friendly satellites is contemplated) are the circular ren-

dezvous compatible orbits (RCO) first investigated by Swanson and

Petersen. (1,2) The altitudes and inclinations of RCO's have been cho-

sen so that the ratio of the number of satellite revolutions N to the

synchronous number m of effective rotational periods of the earth (i.e.,

rotational periods measured relative to the satellite orbital plane,

which regresses because of the earth's oblateness) is an integer. For

m = 1, N will thus be the integral number of satellite revolutions

elapsed between two consecutive passes in the same direction over the

same fixed point on the earth. RCO's can be selected which allow two

rendezvous daily from a given launch base. Of special interest is the

AMR-launched RCO which has N/m = 15 and which crosses the launch base

again in the opposite direction slightly more than two orbital periods

later. This orbit has an inclination i = 31.03 deg to the equator and

is at an altitude h = 262.08 n mi. The above values have to be modi-

fied slightly if account is taken of the fact that an interceptor, also

launched from AMR, does not make rendezvous exactly overhead but slight-

ly downrange because of the ground range covered during ascent to orbi-

tal altitude. Perturbations, principally due to drag, would tend to

destroy this periodicity unless some corrective measures were taken.

The investigators have found that a thrusting program to counteract

the drag dissipation and maintain orbital stability is quite inexpen-

sive and can be accomplished by means of an intermittent limit-cycle

type of program. For a satellite with a weight-to-area ratio W/A =

Statute miles unless otherwise specified.



4

2100 lb/ft , a representative value for the characteristic velocity ex-

penditure VCH is around 32 ft/sec each year. Maximum displacements

from the nominal position in orbit encountered during the limit-cycle

motion and characteristic velocity requirements for other values of

W/A were investigated in a Northrop study (3 )" and are shown in Figs. 1,

2, and 3. The regression rate of the line of nodes for various satel-

lite orbital altitudes and inclinations is presented in Fig. 4.
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IV, BOOST PHASE

The impulsive-transfer trajectories and minimal velocity require-

ments for launching an interceptor into a noncoplanar circular satel-

lite orbit were investigated in a study by Carstens and Edelbaum. 
(4)

The geometry of the transfer is indicated in Fig. 5. The velocity re-

quirements (nondimensionalized with respect to circular velocity at

the launch radius r 1 ) for optimal transfer trajectories from an ini-

tial radial distance rI to a final distance r2 are shown in Fig. 6.

The angle 0 is used as a parameter (B = angle included between the

launch radius rI and the plane of the destination orbit).

When a vehicle is launched into a circular orbit from a launch

point not contained in the orbital plane, the vehicle will arrive at

the orbital altitude with a velocity vector inclined to the destina-

tion plane. Since velocity-orientation corrections are rather expen-

sive, it has been frequently suggested that a transfer trajectory con-

tained in a plane having the least inclination i to the plane of the

destination orbit will tend to minimize the velocity penalties. A

transfer trajectory of the above kind will subtend a range (or trans-

fer) angle of 0 = 90 deg with the earth's center, as can be easily de-

termined by referring to Fig. 5. Once a specific orbital plane and

launch site have been selected and oblateness effects neglected, then

0min (i.e., 0) remains a fixed quantity. From spherical trigonometry

sin~ -5 s in
rr sin isin2

so that

sin B

and i is approached as 0 -1

While the above reasoning is valid as far as the terminal velo-

city increment is concerned, it turns out that the trajectories so gen-

erated are not optimal from an over-all point of view.'4) Figure 7
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shows the actual variation of 0opt with 0 for various values of r 2/r,.

The angle 0opt denotes the range angle of the optimum transfer curves

(the least total VCH at both ends of the trajectory). It is apparent

that the optimum transfer trajectories, particularly those which occur

for low values of r2 /rI, are not contained in transfer planes for which

i min, except when the angle 0 approaches 90 deg. In most other

cases, range angles smaller than 90 deg are called for.

For impulsive Hohmann-type transfers between inclined circular

orbits, small velocity savings can be achieved if the transfer plane

is inclined with respect to the plane of the departure orbit by some

small angle i T  The results of some studies by Homer and Silber (5 )

are shown in Figs. 8 and 9. It appears that the maximum velocity sav-

ings which can be achieved by utilizing the intermediate transfer

plane are on the order of 3 per cent.
For ascent into an orbit of h > 150 mi, the booster burnout con-

ditions denote the beginning of the coast phase.

These conditions vary over a relatively wide range of values, de-

pending on the type of mission, position of satellite in orbit, time

available to rendezvous, etc. For ascent into a 300-mi circular orbit,

for instance, the following set of values for the burnout conditions

seems to have been widely used and can be considered to be fairly repre-

sentative:

tbo -- 275 sec (time of powered ascent)

V b 26,000 ft/sec (geocentric velocity of vehicle)

Ybo a 2.4 deg (inclination of velocity vector to local

horizontal) :I

hbo -- 60 mi (altitude)

XbO 530 mi (ground range covered during powered portion

of the ascent) 4

If the design burnout conditions have been exactly attained, the

coasting interceptor will approach the satellite in accordance with
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known laws of variation of range rate and close in just before inter-

cept with a nearly constant value of the final impact velocity. The

velocity and elevation-angle requirements at a burnout altitude h = 60

mi needed to intercept a satellite located in a 300-mi orbit with vari-

ous preselected closing speeds were computed by Eggleston and Beck.

The results are shown in Figs. 10 and 11. While the figures themselves

are self-explanatory, a few interesting results concerning permissible

launch-delay times can be extracted from them. For a chosen value of

the relative closing velocity AVREL at impact, a value of A8 (ses is

the central angle between satellite and interceptor at burnout and is

positive when satellite is ahead of interceptor), or the equivalent

ground range reAes, can be read off for each available burnout velo-
city Vo. Increasing V increases AOs up to a maximum lead angle of

V In bo
around 8 deg. Approximate delay times can be computed by dividing the

projected ground range by an average satellite ground speed of approxi-

mately 5 mi/sec. Thus, if a AVREL of 1000 ft/sec is specified, a maxi-

mumn delay time of around 2 min can be tolerated. If negative values

of Vbo have to be excluded because of aerodynamic considerations, it

is seen that no intercept trajectories to a 300-mi station leading the

burnout point by more than 8 deg are possible, even if no limitations

exist on the magnitude of the burnout velocity. It is interesting to

note that in the majority of cases, the position of the station at

burnout is ahead of the interceptor.

The investigators have also examined rendezvous requirements with

a satellite in an elliptical orbit having its apogee at 500 mi and per-

igee at 100 mi. (6) These two altitudes were selected because they

yield an elliptical orbit with a semimajor axis equal to that of the

previously discussed 300-mi circular satellite orbit. The results are

presented in Figs. 12 and 13. The following conclusions can be drawn

from these curves:

1. Station position at burnout is now equally divided between

lead and lag.

2. Intercepts which occur when the station is at a true anomaly

angle of 90 deg provide less delay times than intercepts

which occur at larger distances from perigee.
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3. Higher values of Vbo) are now generally needed, and the velo-

city requirements rise more sharply as one deviates from opti-

um, conditions.

Lx addition to the above specific conclusions, It is necessary
to) keep in mind that launch, delays, tend, to, alter the propulsive bur-

dens; Iposed on the power plants; at either one or the other terminal

of the coast phase. As a rule of thumb,, later launches require higher

burnout velocities; but they also delivery the Interceptor to the or-
bital. altitude with, a higher geocentric velocity, thereby decreasing

the relative velocity of intercept and easing the task of the terminal-

propulsion power- plant. Conversely earlier launches tend to place a

heavier burden on the terminal-propulsion device. All these factors

must be carefixl-y considered in a decision on delay requirements.
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V. COAST PHASE

When the orbital altitude of the satellite is low, no coast phase

is required; the interceptor proceeds along a powered trajectory all

the way into orbit. But in purely impulsive rendezvous maneuvers to

orbits of higher altitudes, the interceptor follows the coasting arc
until satellite position coordinates are matched. In actuality, the

finite time interval needed for thrusting in order to bring the vehi-

cle up to orbital speed makes it necessary to locate the terminal point

of the coasting arc--the so-called aim point--slightly above and ahead

of the satellite position. The exact location of the aim point varies

from one case to the other, depending on the specific rendezvous guid-

ance law employed for each mission and on the characteristics of the

engine.

Many of the remdezvous guidance laws proposed in the past have

been based on variations and adaptations of the proportional naviga-

tion law that was fLrst introduced as a steering program for intercep-

tor missiles. This law calls for a thrusting program aimed at cancel-

ing the angular velocity of the line of sight (LOS) or relative range

vector from the satellite to the interceptor, thus insuring that the

approach path will lead to a collision. This condition is fulfilled

when the velocity components of the satellite and vehicle normal to

the LOS are equal iTt magnitude and pointing in the same direction.

The relative velocity between the two bodies will then be oriented

along the LOS, and this will result in an eventual collision. An ap-

propriate braking program which controls the range rate would have to

be employed so as to reduce gradually the closing velocity to zero be-

tween the two bodies. As soon as the terminal guidance command takes

over and controls the approach, a nonrotating observer located on board

the satellite would see the path of the interceptor as a straight line.

This is shown in the first sketch on page 20.

When proportional navigation is used, the coast path selected

must be such as to avoid large values of O (angular velocity of

the LOS) at the aim point, the cancellation of which would necessitate
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Yo[ Nonrotating frame xo ,YO

Satellite t t I

t=O

the use of power plants with large initial thrust-to-mass ratios. One

possible aim point which assures a 0 at the start of rendezvous

is shown below in geocentric coordinates.

Satell ite Interceptor

Earth ""I '

For the above starting condition, neither vehicle possesses a velocity

component normal to the LOS.
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VI, PARKIN OR3ITS

The use of intermediate parking orbits is sometimes necessary if

delay times anticipated during launching are longer than the ones per-

missible for ground takeoffs, or if available velocity capabilities
are inadequate to cope with an unfavorable launch configuration. Some

of the delays incurred might also give rise to acceleration load fac-

tors in a direct ascent path which may exceed those considered safe

for manned vehicles. If the launching cannot easily be postponed to
another day, the use of intermediate parking orbits becomes necessary.

While a general comparison of the use of parking orbits as op-
posed to direct ascents for the complete spectrum of all the variables
involved is not available at the present time, specific comparisons

based on various simplifying assumptions have been made by some authors.

The region of applicability of these results and the conclusions which

can be drawn are of necessity rather limited. Carstens and Edelbaum(4 )

have taken a quick look at the problem by comparing their optium two-

impulse transfer trajectories mentioned earlier with three-impulse in-

direct transfers. The indirect transfers involved entry into a circu-

lar orbit at essentially the original launch radius, followed by the

inclined Hohmann transfers of Ref. 5 to the destination orbit. The

results are shown in Fig. 14. From this figure one gathers that ex-

cept for low-inclination angles 0 and high orbital-radii ratios, the

direct-ascent velocity requirements are lower than the corresponding

three-impulse requirements. It should be noted that in the present

three-impulse transfer a circular parking orbit located near the earth's

surface was arbitrarily chosen.
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VII. TERMINAL RENDEZVOUS PHASE

AIM POUT

The terminal portion of the rendezvous maneuver is generally de-
fined as that phase in which the vehicle is close to the orbital alti-

tude of the satellite at the start but separated anywhere from 50 to

100 mi from it. The relative velocity between interceptor and satel-

lite may be anywhere from 200 to 1000 ft/sec.

The starting point (or aim point) best suited to a given system

is preselected at launch. This point is rarely reached in actuality

because of the various errors and perturbations which accumulate in

the previous phases; it becomes the task of the guidance, system to

compensate and correct for those deviations. The factor comnon to

most of the papers dealing with this portion of the flight path is the

attempt to select a suitable analytical expression for the thrust con-

trol that will insure an eventual soft contact with the satellite.

Ground-controlled transfer from the aim-point error envelope (the n-

dimensional surface surrounding the nominal aim point) to the target

satellite, be it impulsive or otherwise, is not very realistic at the ]
ranges contemplated, because of the instrument inaccuracies in the meas-

urement of the differential corrections needed. Furthermore, such guid-

ance schemes require an accurate knowledge of the orbital elements of

the satellite, which might not always be available on short notice at

a given instant of time. Most guidance schemes therefore use relative-

range and range-rate information measured on board the interceptor.

This has the advantage that the exact orbit of the satellite does not

have to be known in order to perform the mission.

PK)PORTOALNAVgATON GUIDANE

As mentioned earlier, the scheme which has received the widest

attention is based on the proportional-navigation law, which can be

written quite generally in the form

- w s> l (1)
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This equation states that the thrust program Mirst impart to the

relative-velocity vector V an angular velocity- whic is a. preselected

multiple! of wS," the angular velocity of the line, of' sight (LOS).

This will cause the vector- V to rotate towards the range vector R,

thereby forcing- the vehicle onto a direct collisiom course. The lead

angle L will. be, continuously reduced in, the process.

L ~IInterceptor

SLOS
,,., RI lO V sin L.

LOSr R

In addition to Eq. (1) or some equivalent expTession for the pro-

portional-navigation law, provision for a braking program must be made

in the guidance scheme to decrease the range rate, V cos L, to some

very small value, or zero, at impact. One major d~isadvantage of the

proportional-navigational scheme is the high starting-thrust require-

ment and large throttling ratios needed if the inftLal value of WLs

is not vanishingly small. Some of the examples show that throttling

requirements in excess of 100:1 are not uncommon.

Sears and Felleman(7) define a variable conmaid acceleration acom
by means of a proportional-navigation law of the form

a con 'o S 1'R[i + k,% ]+ S 2 (WW S x) (2)

The second term of Eq. (2) serves to nullify the angular rate of

the LOS, while the first term ensures that closing velocity i goes to

zero with decrease in range R; S1 and S2 are suitalLy chosen constant

system sensitivities.
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For the initial. condition shown in Fig-. 15, fli gt path- and. tim

variation, of' thrust acceleration a om. are presented. im Figs:.. 16 and, ..

In, Fig .. 17 it. is. observed. that. the thrust acceleratiom remains. at a.

constant level. after- the first. 40 sec have elapsed. This constant-ac-

celeration program. is a. consequence of the i-versus:-1 relationship,

chosen. for the first: term of Eq., (2). Kidd and. Soule, have shown

that: once an intercept trajectory- has been established, the require-,

ment that. R. be proportional to during the braking, phase implies a.

constant-acceleration thrust program. Figure 17, which is, typical. of

proportiona-navigation. thrusting programs, conveys, an. idea. of the se-

verity of the throttling: requirements encountered.

Very large thrust variations are required in order to satisfy the

constraints imposed by the proportional-navigatiom scheme. Because

throttling ratios of this, magnitude are: not feasible with a single en--

gine, multiple engines with the attendant. system complications might

be required to produce such throttling ratios.

The thrust reversals, commanded by- the present thrust program. would.

also prove, to be: rather wasteful in. terms of fuel consumption. The

initial radial acceleration and subsequent deceleration indicated by

the a-curve. is. not an efficient process for accomplishing rendezvous.

In the: analysis of noncoplanar transfers to elliptical satellite

orbits, investigators have found that the thrust variations called for

by the program were even larger than those shown above for the circu-

lar cases.

Harrison, ( 9 ) starting out with the initial conditions shown in

Fig. 18 and using a navigation law of the general form

al(R,i) (3

where

aR - radial thrust acceleration

a M thrust acceleration normal to LOS
14
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gios + s O (zero angular rate of LOS)

comes up with the acceleration profiles shown. in Fig. 19.

The thrust-reversal program imposed by this guidance law is parti-

cularly noticeable in- the a curve of the closing acceleration. The

low values of starting-thrust acceleration found in this study, as com-

pared with those obtained by Sears and Felleman, are due mainly to the

absence of any initial WS
Many other guidance schemes have been proposed by other investi-

gators. Although they are based essentially on the principle of pro-

portional navigation, these schemes introduce certain modifications

that permit the use of constant-magnitude-thrust power plants, burn-

ing either continuously or intermittently. Lineberry and Foudriat, (1 0 )

for example, looked at a scheme whereby the normal velocity components

are first cancelled by thrusting with a fixed magnitude in a direction

normal to the LOS and then reorienting the engine along the LOS to

decrease the range rate. The braking mode was performed at a constant

continuous-thrust acceleration and required a slight amount of thrust

modulation (throttling) to compensate for mass variations and errors

in thrust alignment. An on-off constant-thrust radial-braking program

was also proposed in Ref. 10. The switching points selected were the

potential breakout points of the trajectory in the R,i phase plane from

the region bounded by two constant radial-acceleration curves.

A constant radial acceleration (actually deceleration) implies

that

= a = constant (4)

Two integrations give

i = at + (5)

R - at2 +iot + R (6)
2 (6)
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Eliminating time between Eqs. (5) and (6) leads to the acceleration

expression

2

a (7)2R

"Switching" curves are obtained by plotting i versus R for two
values of a, i.e., a = a 1 and a = a 2 (a, > a 2). Thrust is switched

on whenever the phase plane trajectory reaches the aI curve and is shut

off when the a2 curve is touched. The number of switchings is inverse-

ly related to the spread between a1 and a2. At the upper end, a1 is

limited by the value of T/m0, the initial acceleration available. Too

narrow a range between aI and a2 will result in larger velocity ex-

penditures because of the excessive number of times the power plants

will have to be switched off and on, whereas too wide a gap could jeop-

ardize the attainment of the desired final conditions, because the con-

trol available would be too coarse.

Two cases of range control employing this method are shown in

Fig. 20.

The coupling that exists between the radial and normal components

of the vehicle's relative equations of motion and any residual normal

velocities left over from the normal thrusting mode would lead to grad-

ual increases in WS that would also have to be cancelled during the

braking mode. It has been suggested that this be accomplished by off-

setting slightly the thrust orientation from the radial direction dur-

ing the final braking phase.

Another paper, by Steffan,(1 )" "employs two constant-thrust engines,

one pointing in the normal direction, the other, in the radial direc-

tion. An on-off switching logic is programmed separately for each en-

gine, which handles only the velocity component along its own channel.

The existing cross-coupling effects between the two directions are also

considered insofar as they affect the parameters of the radial thrust-

ing mode.

The thrust program for the present case is relatively straight-

forward. The angular velocity W is kept within a deadband region
'Los
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IWSI to- W.S by the. normal- thrusting- program,- as shown in Lrig... 21..
coast time- tc between successive normal. correction preriods: mus: be' kept

above. & certain minimum value to permit the- instruments: to. complete

position and. rate measurements: in the interval- between th-e thrusting

cycles.- This instrmentation lImitation in turn. causes. the initiaL

time to closest: approach r ( defined by the ratio. r -r/r>, to be boundi-I&

from below.. An upper bound. on T- is: chosen from: such consIderations:

as: total rendezvous time ard. time. required. for instrumentation to: set-

tie after an acceleration input.. The, range. of 36- s~ex-. < 'i- < 5aG see.

chosen by ftf'fanr led. to the radial- phese plan(,- tra-T-ectory shown im

rig.- 2'..

The proportional. nivigation schemes discused so- far all. started.

by first defining a thrusting program and. them computing the resultant

vehicle trjectory- by integration of the differentiaL euations of the

powered. motion.. An. inverse approach. was: proposed. by- Gicoani..-

.Starting out with the kinematicaL relations: for velocity and. acceler-

ation, CicolanL selected. a suitable,, monotonicalLy.- decreasing time

finction for the lea&. angle L which decreasred. to zero at the: same- time

that R and R. approached that: value.- The: powerecL-flight trajectory thus:

artificially generated. led: to a soft contact tetweem satelIfte and. ve-

hicle.. The merit of such air approach. li-es prikarily' in the fact: that

no- integration. of complicated. nonlinear differential. equations of mo:-

tion. is: necessary- because the flight: path. is know from. the, veryr be-

ginning through the chosem time-dependince: of the path: coordinater.

The differential. equations: are used onlly- as- algebraic relations: Which.

provide us: with a time expression. for the thrust acceleration nedd

to fly the selected. trajectory..

While this: approach differed conceptually- from- the previous: ones,.

it did. not lead. to significantly. different or more convenient thrust

requirements. This- approacht also- required. the use of thrust-reversal.

and. throttling programs similar to- those found by the approaches; d'e-

scribed. earlier.
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Ir: was stated, earlfer that ground-cntrolled Kepl erian transfers

were not feasible because of fnstrument limitations in discerning the

differentfiaL corrections needei at the ranges considered.

The many advantages inherent in. the impulsive schems of orbital

transfer an& the extensive famflifarf:ty and experience gained. in their

application prompted some fvestigators to, searchL far possible ways to

adapt thent to the prohlem! of orbital redezvous. In an. early paper.
(113)Clohessy and Wiltshire dlemonstrated that impulsive-thrusting schemes

cam also be applie& to rendezvous maneuvers, provided the equations

of motfon of the interceptor set up i. a satellite-centered coordinate

system are suitably linearized so that a closed-form solution to them

can be obtained. Their scheme is most useful if the satellite orbit

is circular, although extensions to elliptical satellite orbits have

also been made available since then.

Viewed in the satellite-attached coordinate system shown in the

sketch below, the exact equations of notion of the interceptor are

given by

m 3 - y-Wr

G(y + r) 2
T Im - 2Wx - w2(y+r) (8)

T / Gzz 3
r

,where

T , ,Tz - components of thrust vector

C = gravity constant

r M radius of circular satellite orbit
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For unpowered flight in the vicinity of the satellite (i.e.,

Vx Z + 2: 200 mi), Eqs., (8). can be. linearized, resulting- in the

relations

- WY 0

y +2w --3W2 y = 0 (9),
+.®2z .0

z+z

Earth

System (9). has. a closed-form. solution given- by

x 2( 2 3y 0 sin, t -. Cos: wt+ (4y,-33r.)t + COSt

Co 3y ° cosw ' t L sin t -F(4y
y y (

z z cos wt + sin wt
0 W
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Equations (la), indicate that the motion in. the r direction is:

periodia. If 6wyr - 3:;- 0-,, them the interceptor wIll move i an

elliptical.arlit contaie? in the xy plane around- the center of coort-

natex, While if 6WT - 3% 0 , the elliptfcal motion. now occurs: aroun?

a center translating with unifarm: velocfty-, 6W - , in- the xr: -

rection. The pati thus: generated wo d! be a cyclofd. rf intercept

is: desire? to. occur at time t = r-, say, the velocity components needed-

at: t: a can be founct from Eq.. -(M). by- salvIng for the quantities x,,

The require? starting velocities are

x: sfm Wry +- Y- sin. Wi- - 14(L - Cos m])

2x: (T - cos W),[y- si- Or-rcos:~
=a a c,(S i )

3W r sin r - 8(1 - cos, 0)

The rendezvous velocity components obtained above are only- approximate,

because they were obtainec from the solution of a linearzect system

of equations and will consequently cause the vehicle to miss the tar-

get by some small distance. The accuracy of the approximation- improves

if one decreases the required time to go until intercept occurs. The

actuaL relative velocity components of the vehicle, as determined f

measurements carried out on. board, have to be compared at frequent in-

tervals with those demanded by a guidance scheme based on Eqs. (II);

the necessary small impulsive velocity corrections are applied until,

impact is achieved. The terminal approach velocity also has to be can-

celled Implsively.

Some numerical values for a specific rendezvous mission based on

the above guidance scheme are presented in- a paper by Soule. (1 ) For

the numerical example, he chose to consider a rendezvous with a satel-

lite in an elliptical orbit of eccentricity e - 0.01, and sernmajor

axis a - 3592 n mi. Rendezvous was required to occur after 270 deg

of satellite travel, and velocity corrections were spaced every 10 deg



36

of satellite travel. lo relative motion- was: assumed to exist between-

satellite and. interceptor at the start of the maneuver. The intercep-

tar path. is shown- in. Fig. 2-. in. & satellite-centered rotating coordi-

nate system. The coordinate system. was chosen- such that at t = G, the

x-axis passed. through the interceptor.

The necessary- velocity impulses are marked. off at the appropriate

points. L velocity expenditure of 45Z ft/sec was required to perform.

the rendezvous.

Tn assessing the efficiency- and domain. of applicability of the

present guidance scheme, it should. be remembered that in. essence the

simplifications obtained from. the linearization of the equations of

motion. were bought at the expense of introducing distortions into the

gravitational force field through which the two vehicles move. The

assumed gravitational field is unidirectional and decreases linearly

with increase in. altitude. The extent of the position and velocity

errors introduced by this hypothetical gravity field will depend on

the length of time during which the two bodies are exposed to it. The

linearized approximation becomes progressively worse as the time of
flight r increases, and. this leads to increasing errors in the guidance

velocities computed.

he domain of applicability of this approximation is the subject

of a recent study by Eggleston and Dunning, (15 ) who employed the same

guidance law but spaced their impulsive-velocity corrections in accord-

ance with the geometric range progression Ro/ 2 n (n - 0,1,2...). Two

of the conclusions of this study follow.

1. If the central range angle wT traversed by the satellite un-

til rendezvous is smaller than 90 deg, the errors introduced by the

linearization of the equations are relatively small. The approximate

guidance equations lead to increasing errors in the in-plane velocity-

component requirements when the angle W)r increases beyond 90 deg. This

is demonstrated in Fig. 24 for the case in which the satellite and inter-

ceptor are moving initially in coplanar orbits. The solid lines show

the time variation of the actual velocity components when the vehicle

follows an exact intercept trajectory. The dashed curves show the ve-

locity components required by the approximate guidance scheme. It is



37

I0 0

cn cc

0- a

0-

-0-

> 0



38.

-Keplrian-

- Linearized

2000

-4000

1000-

0 

-I000 I i ,i i i 'II
0

U

-?-0 00.

4000

-000

0
- r

-2000 r I I
0 40 80 120r 160 200 240 280

Central range. angle, r (dog)

Fig. 24-Magnitude of the velocity requirementsI"



39

seem that erve if the vehicle would start out initially on. the correct

intercept tr-jectory-, the guidance schem woulc still demand- a. series

of unnecessary- velocity corrections before intercept could occur..

Z., Krrors in. the time of booster burnout up to 5 sec do not ma.-

ter alily affect the recuired velocity- corrections. This result is due

to the present method. of guidance, which does not depend. as mch. om

the specified time to rendezvous as it does on. the instantaneous rela-

tive-position. and- velocity conditions at the instant a velocity- cor-

rectionA calledl for.
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El.. LIm-r-SIGEM ORIENqT&TIDNK DURMN INTEFT MANEUVERS

A, factor common to) all the nonimpulsve rendezvous guidance laws

that have been discussed so, far is the requirement of cancelling the

angular rate of the LOS", thereby forcing the vehicle onto a collision

course witE the target.

The impulsive guidance schemes discussed earlier are not concerned

explicitly with the rotational behavior of the LOS during the termi-

naL phase, since they accomplish intercept by the application of dis-

crete velocity corrections. Whether the above velocity increments are

indeed of such a. magnitude as to bring about a stabilization of the

LOS is not readily apparent.

It is clear that if the requirement that WLOS vanish is a suffi-

cient but not a necessary condition for intercept, imposing it would

result in an increase in the characteristic velocity expended by the

interceptor over that which would have to be expended by using the same

power plant but a more efficient guidance scheme.

The question of the necessity of the condition 'LOS -* 0 is quickly

settled with the aid of Figs. 25 and 26, which present three arbitrary

trajectories that result in an intercept, and the corresponding behav-

ior of US" It is seen that except for the instant of colinear clo-

sure in the case of the Hohmann-transfer case, no restriction on the

size of WS or uniformity in its time variation is evident from the
Figs. 25 and 26.

It would thus appear that the use of a guidance scheme based on

proportional navigation tends to place excessive and unnecessary de-

mands on the flexibility required of the rendezvous power plant and

in all likelihood will increase the velocity expended. This conclusion

has been borne out by the work of some other investigators.
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K, ADAPTJATION OY IHEULSIVE INTERCE2T TO) YINIT TERIISTIG

The, large thrust variations: necessary, for the cancellation of
as: well as the large power plants needed- to. implement the imp uL-

sive guidance schemes, have prompted some investigators: to search fur-

ther for ways to accomplish- rendezvous: more efficiently- anc: with. lower
and: more realistic thrust requirements. Am interesting scheme,, based

essentially on the impulsive guidance scheme of Clohessy. and Wiltshire,

was propose& in a. recent paper by Shapiro. (U16 The proposed moifica-

tions- result in a rendezvous that avoids! the velocity- penalties associ-

ate. wIth. previous finfte-magnitude-thrust guidance schemes based on

the unnecessary stabilization of the LOS.

Briefly-, the attenuated intercept guidance scheme propose: by-

Shapiro works as: follows-

Thrust is activated and suitably- vectored until the actual meas-

ured velocity components of the interceptor', i and y, are made to fall

within a certain deadband region around the desired intercept veloci-

ties and obtained from Eqs. (11) for an intercept assumd to oc-

cur r sec later (the velocity components :j and YD used by- Shapiro
correspond to ;O and o in the previous notation). Thrust is activated

0 0o

and shut down any time the velocity error V6, given by

1 n /2

V5  -( )2 + (- yD)  (12)

is about to pass out of the deadband region V - Vd

Vd < V8 <V (13)

where

Va - velocity for thrust activation

Vd = velocity for thrust deactivation

d
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The instantaneous directio of thrusting- chosen. by Shapiro, as.

seen. i. an x versus: y coordinate plane was from point y to point
" D., tntroducing: no other correction&, and. neglecting the errors

due to linearization., intercept (i.e., a- hard rendezvous). would. occur

at the end. of the prescribed time period T. A. suitable stretching

constant k 1/2- is now introduced. into Eqs. (11) by substituting the

expression. r - kt for previous time r. The guidance system contin-

ously compares the measured. vehicle velocities with the variable de-

sired velocities of Eqs. (11), initiating and terminating thrust in.

accordance with. the constraint condition of Eq. (13) while flight time

t increases monotonically from. 0.

When a value of t = T1k is reached, the above thrusting scheme

brings about a soft intercept (zero closing speed). The parameters T

and k are amenable to optimization although this was not attempted in

Ref. 16, where a T of one-half the satellite orbital. period and a

k - 1/2 were arbitrarily- chosen for the majority of examples computed.

Shapiro also investigated the performance of 50 per cent and 100 per

cent variable-thrust power plants, concluding that the gains possible

were not sufficiently large to offset the additional complexities in!-

troduced into the system.

The velocity expenditures AV to rendezvous, plotted against ini-

tial target true anomaly eTo, are shown in Fig. 27 for an elliptical

target orbit of e = 0.1 and a - 5000 mi. Relative conditions at de-

parture are indicated in the figure. The curves for variable throt-

tling are also presented. In all cases a maximum value of 0.01g was

chosen for the thrust acceleration.

The thrusting program that results from the use of a constant-

magnitude stretching factor places a lower bound on the least permis-

sible acceleration level which allows rendezvous to be accomplished

for a given initial condition. To circumvent this restriction, Shapiro

also suggests a modification to his program, based on a k-switching

technique which could be used to accomplish a rendezvous irrespective

of the thrust magnitude available. He suggests starting the thrusting

program with a k = 0 (i.e., infinite time to rendezvous) and then

switching to a k = 1/2 as soon as the velocity error V6 has been brought
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into, the deadband. region Va - Vd, He compared. his results with the

equivalent results. obtained from an application of the. proportional

navigation scheme and found that the latter scheme consumed character-,

istic velocities that were an order of magnitude larger than the. values.

obtained by the. above scheme., The data for any actual. comparison,, how--

ever,, were not presented in the paper..

L
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XL., COUCLUDfl RH4A=S

T the preceding pages some- aspects. of the problem of orbital

rendezvous have been examined .

A review, of the available unclassified: literature disaclose that

the- research of the variou investigators fell.,, by and. large,. into twe

more-or--less distinct categories-: Iii one,: the, gross- impulsive- moton.

of the interceptor between. the launch (or burnout). point and& the moving-

target point is. studiect; in. the other,, attention. is: focusaec on- a. mare

thorough and detailed aalysi&s of the powered-flight: maneuver during

the terminal, portion of the mission.. Ii. each category-, a number7 of
the: more representative and. informative papers: published were sinle-

out for- specific. mention and. discussion.. Those graphs: and figures

which best helped tell the study were reproduced- here.,

Based on the material presented,, a few, concluding remarks: can. be

made.,

The: two-impulse rendezvous maneuvers: have receve- thorough: co v-

erage and are well-enough understood and. documente- that any' numericat.

information concerning trajectory shape,, velocity expenditures,, launch.

delays,: frequency of intercepts,, etc.., can. be either read off existing

curves or easily generated.,

No general,, conclusive comparisons. of the relative merits: of the

various terminal-guidance schemes seem to have been. undertaken so far,

although some favorable comments concerning the relative advantages:

of their own schemes are occasionally made: by some of the investigators.

Some of the schemes discussed appear to make excessively large demands

on the terminal power-plant unit im terms of throttling ratios; required-

What seems to be lacking also is information concerning the ef-

fect of maximm thrust acceleration available on the various parameters.

of the rendezvous mission. In particular,, it would be useful, to get

a clearer understanding. of the relationships and tradeoffs that exist

between such quantities as thrust acceleration, time to rendezvous,

velocity expenditure, and their combined effect on the initial kinematic

conditions which can be satisfied.
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